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Fixed point: 
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Saddle point

Stable manifold 𝑊𝑊𝑠𝑠 = 𝑝𝑝 ∈ ℝ2:𝑓𝑓𝑘𝑘(𝑝𝑝) → 𝑃𝑃 ∗ as 𝑘𝑘 → +∞

Unstable manifold 𝑊𝑊𝑢𝑢 = 𝑝𝑝 ∈ ℝ2:𝑓𝑓𝑘𝑘(𝑝𝑝) → 𝑃𝑃 ∗ as 𝑘𝑘 → −∞



Fixed point: 
1 ( )n n nx f x x+ = =

Periodic point: ( )k
n k n nx f x x+ = =
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The Poincaré map of the perturbed system







Chaotic invariant sets

Invariant set ( )S f S=

The compact invariant set S is chaotic if:

• It has a dense set of periodic points

• It is topologically transitive

Then it can be shown that:

• It has sensitive dependence on initial conditions



Compact set: For subsets of        ,  closed and connectedℝ2

Dense set: A is dense in B, if for every point

there is a sequence of points of A that tends to x

x B∈

Topological transitive mapping in the in invariant set S:

∀𝑈𝑈,𝑉𝑉 ∈ 𝑆𝑆 ∃ 𝑘𝑘 ∈ ℕ: 𝑓𝑓𝑘𝑘(𝑈𝑈) ∩ 𝑉𝑉 ≠ ∅

Sensitive dependence on initial conditions:

∃ 𝑟𝑟 > 0 :∀𝑥𝑥 ∈ 𝑆𝑆 and ∀𝜀𝜀 > 0 ∃ 𝑦𝑦 ∈ 𝑆𝑆:𝑑𝑑(𝑥𝑥,𝑦𝑦) < 𝜀𝜀 and 𝑘𝑘 ∈ ℕ:
𝑑𝑑(𝑓𝑓𝑘𝑘(𝑥𝑥), 𝑓𝑓𝑘𝑘(𝑦𝑦)) > 𝑟𝑟



Counterexamples

𝑥𝑥 → 2𝑥𝑥 𝑥𝑥 ∈ ℝ

1. The map

is regular. Fixed point:  x = 0

All initial conditions tend to infinity. An initial uncertainty Δx0
increases exponentially

02k
kx x∆ = ∆

0

x 2x 4xx2x4x

but there is no mixing of states.



2. All points in the map

𝜙𝜙 → 𝜙𝜙 + 𝑎𝑎 mod 1 𝜙𝜙 ∈ 𝑆𝑆1, 𝑎𝑎 ∈ ℚ

( ) mod1qf qa pϕ φ φ ϕ= + = + =

Are periodic. 

If  α = p/q then

There is no topological transitivity or sensitive dependence on initial 
conditions

( ) ( )f fϕ ϕ ϕ ϕ′ ′− = −



∀𝜀𝜀 > 0 ∃𝑘𝑘 ∈ ℤ+: |𝜙𝜙 − 𝑓𝑓𝑘𝑘(𝜙𝜙)| < 𝜀𝜀 mod 1

3. In the map

𝜙𝜙 → 𝜙𝜙 + 𝑎𝑎 mod 1 𝜙𝜙 ∈ 𝑆𝑆1, 𝑎𝑎 ∈ ℝ\ℚ

every orbit is dense in S1.

The map is topologically transitive but has no periodic points nor 
sensitive dependence on initial conditions

and the sequence of points

2( ), ( ), , ( ),k k mkf f fϕ ϕ ϕ 

divides the circle in arcs of length less than ε



The Smale horseshoe

We consider the map 𝑓𝑓:𝐷𝐷 → ℝ2

where D is the unit square:
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The map acts on H0 as follows:
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Λ2 ∩ Λ1 ∩ Λ -1 ∩ Λ -2 Λ3 ∩ Λ2 ∩Λ1 ∩ Λ -1 ∩Λ -2 ∩ Λ -3



Symbolic Dynamics

( )
k

kf D
=−∞

∞Λ = 

This is an invariant set of the map which is a Cantor set
and chaotic. 

There is an 1-1 correspondence between p∈Λ
and doubly infinite series of two symbols

1 0 1.k ks s s s s s− −=   
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:ϕ Λ→Σ is a homeomorphism i.e. it is

1. One to one

2. Continuous

3. The inverse is also continuous

The map



f

σ

ϕ ϕ

Λ→Λ

↓ ↓
Σ→Σ

Topological conjugacy

The maps f and σ are topologically conjugate through φ i.e.

f ϕ ϕ σ= 

and therefore if σ is chaotic in Σ, then  f is chaotic in the 
invariant set Λ.



σ is chaotic in Σ 
1. It has a dense set of periodic points
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2. It is topologically transitive
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3. It has sensitive dependence on initial conditions

The points
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are initially ε-close while

1 1( ( ), ( )) 1k kd s sσ σ+ + ′ ≥



Λ is a Cantor set
A set                   is a Cantor set if it is 

1. Closed: It contains all its accumulation points

2. Perfect: All points of Λ are accumulation points

3. Totally disconnected: It does not contain any open 
interval

p'
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H
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The homoclinic Mel’nikov theory
We consider again the system
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γ(t): The fixed point 
considered as 
hyperbolic periodic 
orbit

Γγ: The homoclinic 
manifold
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0ε ≠

γε(t): The perturbed 
hyperbolic periodic 
orbit

Ws: The stable 
manifold

Wu: The unstable 
manifold

𝑝𝑝𝜀𝜀𝑢𝑢 = (𝑞𝑞𝜀𝜀𝑢𝑢,𝜙𝜙0), 𝑝𝑝𝜀𝜀𝑠𝑠 = (𝑞𝑞𝜀𝜀𝑠𝑠,𝜙𝜙0)
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The Mel’nikov function is
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The Mel’nikov Theorem
If
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then the stable and unstable manifolds of the perturbed system 
intersect transversally for some values
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